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Abstract
First, this paper considers the number of LUTs to implement logic functions based on MUX-based realization and
cascade realization. This is useful to quickly estimate the
number of LUTs to implement the functions on a FPGA.
Second, this paper shows an algorithm to realize logic functions by 6-LUTs using cascade and MUX-based realizations. It often produces smaller circuits than previous methods when the number of the input variables is smaller than
16.

1

Introduction

A K-LUT (look-up table) is a module that realizes an
arbitrary K-variable function. This paper considers the
number of K-LUTs to realize given function. FPGAs with
K = 4 or 5 input LUTs are believed to be the most efficient
[15, 16]. However, in the current technology, FPGAs with
K = 6 are standard [24, 1, 2]. Thus, we have the following:
Problem 1.1 Given an n-variable (multiple-output) function f , find the minimum number of 6-LUTs needed to implement f , where n ≤ 20.
Unfortunately, it is a very hard problem, in general. So,
we try to obtain an upper bound by using properties or measures of the function. The property of the function should be
quickly detected, such as symmetry, and measures should
be quickly calculated. Such measures include
• the number of variables (i.e., the support size),
• the C-measure of a function,
• the number of products in the SOP [11],
• the number of literals in the factored expression [11],
• the number of nodes in the decision diagram [18].

In this paper, we present two types of realizations:
MUX-based realization and cascade realization. Also we
show various theorems on the number of LUTs. After that,
we we show an algorithm to realize logic functions by using 6-input LUTs (6-LUTs). The algorithm is suitable for
the functions with up to 16 inputs, and often produces better
solutions than previous methods.
Due to the page limitation, all proofs of theorems are
omitted.

2

MUX-based Realization

In this part, we show a universal method to implement an
n-variable function, and obtain upper bounds on the number
of LUTs. Such bounds are useful when we only know the
number of the input variables n.
Definition 2.1 A multiplexer with a single control input (1MUX) is the selection circuit shown in Fig. 2.1. It performs
the logical operation:
g(x, y0 , y1 ) = x̄y0 ∨ xy1 .
t-MUX is shown in Fig. 2.2. It is a multiplexer with t control
inputs (x1 , . . . , xt ), and 2t data inputs (y0 , y1 , . . . , y2t −1 ).
Let g(x1 , . . . , xt , y0 , y1 , . . . , y2t −1 ) be the output function.
Then, g = ya when the decimal representation of the control
input (x1 , . . . , xt ) is a. That is, when the control input is
(0, 0, . . . , 0), the top data input y0 is selected. When the
control input is (0, 0, . . . , 1), the second data input y1 is
selected. Also, when the control input is (1, 1, . . . , 1), the
last data input y2t −1 is selected.
Lemma 2.1 An n-MUX is realized by using 2n − 1 copies
of 1-MUXs.
Example 2.1 A 3-MUX is realized with 23 − 1 = 7 copies
of 1-MUXs as shown in Fig. 2.3.
(End of Example)
Definition 2.2 Let B = {0, 1}. Let X = (x1 , x2 , . . . , xt ).
Then, we can consider that X takes its value from P =
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Figure 2.1. 1-MUX.
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Figure 2.3. Realization of 3-MUX by using 1MUXs.
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Figure 2.2. K-MUX.
{0, 1, . . . , 2t − 1}. Let S be a subset (S ⊆ P ) of P .
Then, X S is a literal of X. When X ∈ S, X S = 1,
and when X ∈
/ S, X S = 0. Let Si ⊆ Pi (i =
S1
S2
· · · Xn Sn is a logical product.
1,
1 X2
 2, . . . , n), then X
S1
S2
· · · Xn Sn is a sum-of-products
(S1 ,S2 ,...,Sn ) X1 X2
expression (SOP). When Si = Pi , Xi Si = 1 and the logical product is independent of Xi . In this case, literal Xi Pi
is redundant and can be deleted. A logical product is also
called a term, or a product term.
Theorem 2.1 An arbitrary n-variable function is expanded
as follows:

gi (X1 )X2i ,
f (X1 , X2 ) =
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Figure 2.4. Realization of an arbitrary 7variable function using 5-LUTs.

i∈P

where X1
=
(x1 , x2 , . . . , xk ) and X2
=
(xk+1 , xk+2 , . . . , xn ), P2 = {0, 1, . . . , 2n−k }, and
the OR is performed with respect to 2n−k elements.
Example 2.2 Consider the realization of a 7-variable function f (X1 , X2 ), where X = (x1 , x2 , . . . , x5 ), and X2 =
(x6 , x7 ). f is expanded into a sum of four products:
3
f (X1 , X2 ) = i=0 gi (X1 )X2i
= g0 (X1 )X20 ∨ g1 (X1 )X21 ∨ g2 (X1 )X22 ∨ g3 (X1 )X23 .
As shown in Fig. 2.4, 2-MUX can be implemented by using
three copies of 1-MUXs. The top LUT in the leftmost column realizes g0 , which is selected when (x6 , x7 ) = (0, 0).
The second LUT in the leftmost column realizes g1 , which
is selected when (x6 , x7 ) = (0, 1). Other LUTs are derived
similarly.
(End of Example)
Theorem 2.2 When 3 ≤ K ≤ n, an arbitrary n-variable
function is realized by using at most 2n−K − 1 copies of
1-MUXs, and 2n−K copies of K-LUTs.

To implement 2-MUX, we have more efficient realization
than Fig.2.4. When K = 6, a 2-MUX can be realized by a
single 6-LUT instead of using three copies of 1-MUXs.
Lemma 2.2 An arbitrary function of n = K + 1 variables
can be implemented with at most three K-LUTs, where K ≥
3.
Lemma 2.3 An arbitrary function of n = K + 2 variables
can be implemented with at most five K-LUTs, where K ≥
6.
Theorem 2.3 [19, 23] The number of 6-LUTs to implement
an arbitrary n-variable function f is
• (2n−4 − 1)/3 or less, when n is even, and
• (2n−4 + 1)/3 or less, when n is odd.
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Figure 2.7. Realization of an arbitrary 10variable function using 6-LUTs.
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Figure 2.5. Realization of an arbitrary 8variable function using 6-LUTs.
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Figure 2.6. Realization of an arbitrary 9variable function using 6-LUTs.

Figure 3.1. Decomposition table of an logic
function.

3.1
Example 2.3 The number of 6-LUTs to implement an nvariable function is
• 5 or less, when n = 8. In this case, gi (X1 ) (i =
0, 1, 2, 3, 4) are implemented by four copies of 6-LUTs,
while the 2-MUX is implemented by a single 6-LUT, as
shown in Fig. 2.5. In the figure, the numbers in squares
denote the numbers of necessary LUTs.
• 11 or less, when n = 9. In this case, gi (X1 ) (i =
0, 1, 2, . . . , 7) are implemented by 8 copies of 6-LUTs,
while the 3-MUX is implemented by three 6-LUTs as
shown in Fig. 2.6.
• 21 or less, when n = 10. In this case, gi (X1 ) (i =
0, 1, 2, . . . , 15) are implemented by 16 copies of 6LUTs, while the 4-MUX is implemented by using five
6-LUTs as shown in Fig. 2.7.
(End of Example)

3

Cascade Realization

In this part, we show a cascade realization of a logic
function. This gives more compact circuits than the MUXbased realization, but is only applicable to function with
special properties.

Functional Decomposition

Definition 3.1 [3] Let f (X) be a logic function, and
(X1 , X2 ) be a partition of the input variables, where X1 =
(x1 , x2 , . . . , xk ) and X2 = (xk+1 , xk+2 , . . . , xn ). The decomposition table for f is a two-dimensional matrix with
2k columns and 2n−k rows, where each column and row is
labeled by a unique binary code, and each element corresponds to the truth value of f . The function represented by
a column is a column function. Variables in X1 are bound
variables, while variables in X2 are free variables. In the
decomposition table, the column multiplicity denoted by
µk is the number of different column patterns.
Example 3.1 Fig. 3.1 shows a decomposition table of a 4variable function. Since all the column patterns are different, the column multiplicity is µ2 = 4. (End of Example)
Theorem 3.1 [6] For a given function f , let X1 be the
bound variables, let X2 be the free variables, and let µk be
the column multiplicity of the decomposition table. Then,
the function f can be realized with the network shown in
Fig. 3.2. In this case, the number of signal lines connecting
two blocks H and G is log2 µk .
When the number of signal lines connecting two blocks is
smaller than the number of input variables in X1 , we can often reduce the total amount of memory by the realization in
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Figure 3.2. Realization of a logic function by
decomposition.
Figure 3.4. Realization of a 9-variable function with C-measure at most 8.
Fig. 3.2 [7]. Such technique is call a Curtis decomposition
[6], in this paper.

3.2

C-Measure

Definition 3.2 Let f (x1 , x2 , . . . , xn ) be a logic function.
Let µk be the column multiplicity of the decomposition
table for f (X1 , X2 ), where X1 = (x1 , x2 , . . . , xk ) and
X2 = (xk+1 , . . . , xn ). The C-Measure of the function f
is max(µ1 , µ2 , . . . , µn ), and denoted by µ(f ).
By repeatedly applying functional decompositions to a
given function, we have an LUT cascade [20] shown in
Fig. 3.3. An LUT cascade consists of cells, and the signal
lines connecting adjacent cell are rails. A logic function
with a small C-measure can be realized by a compact LUT
cascade. To obtain the C-measure, a decomposition table
is not necessary. A quasi-reduced binary decision diagram (QRBDD) that represents the logic function directly
shows the C-measure: The C-measure is equal to the maximum width of the QRBDD, where the variable ordering is
(x1 , x2 , . . . , xn ) [17].

3.3

LUT Cascade

Lemma 3.1 [20] Let µ(f ) be the C-measure of a function
f . Then, f can be implemented by an LUT cascade, whose
cells have at most log2 µ(f ) + 1 inputs, and log2 µ(f )
outputs.
Lemma 3.2 [21] In an LUT cascade that realizes the function f , let n be the number of the input variables; s be the
number of cells; w = log2 µ(f ) be the maximum number
of rails; K be the number of inputs for a cell; n ≥ K + 1;

f

Figure 3.3. LUT cascade.

and K ≥ log2 µ(f )+1. Then, an LUT cascade satisfying
the following condition exists:


n−w
s≤
.
K −w

3.4

Bounds for Functions with Small CMeasure

From Lemmas 3.1 and 3.2, we can derive the followings:
Theorem 3.2 [23] The number of 6-LUTs to implement an
arbitrary n-variable function, where n ≥ 8 is:
1. 5n − 35 or less, when µ(f ) ≤ 32.
2. 2n − 11 or less, when µ(f ) ≤ 16.
3. n − 5 or less, when µ(f ) ≤ 8 (n = 3r).
4. n − 4 or less, when µ(f ) ≤ 8 (n = 3r).
Example 3.2 Let f (X1 , X2 ) be a 9-variable function,
where X1 = (x1 , x2 , . . . , x6 ) and X2 = (x7 , x8 , x9 ). Let
µ6 be the column multiplicity of the decomposition of f with
respect to (X1 , X2 ). If µ6 ≤ 8, then f (X1 , X2 ) can be implemented with four copies of 6-LUTs, as shown in Fig. 3.4.
To check that a given 9-variable function can be realized as
Fig.
9 3.4, we need to check the column multiplicities for only
6 = 42 combinations.

3.5

Bound for Symmetric Functions

When the given function is symmetric, it can be implemented more efficiently than a general function [17, 22].
Efficient algorithms to detect symmetric functions exist,
e.g., [13].
Lemma 3.3 Let f be a symmetric function of n-variables.
Then, µ(f ) ≤ n + 1.
Theorem 3.3 The number of K-LUTs to implement an nvariable symmetric function is
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Figure 3.5. Realization of a symmetric function of 12 variables by 6-LUTs.
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Figure 3.6. Realization of a symmetric function of 15 variables by 6-LUTs.

1. 4 or less, when n = 9 and K = 6. Fig. 3.4 shows the
realization.
2. 7 or less, when n = 12 and K = 6. Fig. 3.5 shows the
realization.
3. 13 or less, when n = 15 and K = 6. Fig. 3.6 shows
the realization.

4

Logic Synthesis with 6-LUTs

For some class of functions, the LUT cascade realizations require many fewer LUTs than other methods. Current version of the program works for only small problems. The algorithm obtains the column multiplicity µ and
calculate the number of cells in the LUT cascade. When
log2 (µ) ≥ K, the algorithm uses a MUX-based realization. The outline of the method is as follows:
Algorithm 4.1 (LUTMIN:Logic synthesis using 6-LUTs)
1. For a multi-output function, decompose it into singleoutput functions.
2. For each single-output function F :

(a) Minimize support of F by removing redundant
variables.
(b) If the support size of F is less than or equal to K
(LUT size), implement it using one K-LUT.
(c) If the support size of F is exactly K + 1, the best
we can do is to realize with by two K-LUTs. In
this case, we check cofactors of F w.r.t. each
variable. If the support size of one cofactor is
K − 2 or less, implement F using two K-LUTs
composed of the larger cofactor in one LUT, and
smaller cofactor and MUX in another LUT.
(d) If F is not decomposed in step (2.b) and (2.c),
reorder BDD of F to minimize the number of
nodes.
(e) Consider M = log2 (µ), where µ is column
multiplicity of F w.r.t. the bound-set composed of
K variables on top of the BDD.
(f) If M < K, use Curtis decomposition w.r.t.
K topmost variables as the bound set. Implement M bound set nodes using K-LUTs and
perform recursive decomposition of the composition function whose support size is equal to:
Support size(F ) − K + M .
(g) If M ≥ K, create 2-MUX w.r.t. to the two topmost variables in the BDD, and recursively decompose four cofactors.
3. As a last post-processing step, detect and merge functionally equivalent nodes in the resulting LUT network.
(Such nodes could be created in step (2.g) when, for
example, two of the four cofactors of F are equal.)
Example 4.1 Consider sym12 [19], a symmetric function
of 12 variables. sym12 is 1 iff the number of 1’s in the inputs
is between 4 and 8.
1. The column multiplicity of the function with respect to
the bound set composed of K = 6 variables is µ6 = 7.
Thus, M = log2 7 = 3.
2. Since M < K, we use Curtis decomposition with
respect to the topmost variables in the bound set:
x1 , x2 , . . . , x6 . Realize the first cell using 6-LUTs,
which corresponds to the leftmost cell in Fig.4.1.
3. The composition function has 12-6+3=9 variables.
The top of the variables are three outputs of the leftmost cell, and x7 , x8 , x9 . In this case, the column multiplicity is µ9 = 8. Thus, M = log2 8 = 3.
4. Since M < K, we use Curtis decomposition with respect to the topmost variables in the bound set: three
outputs of the leftmost cell, and x7 , x8 , x9 . Realize the
second cell using 6-LUTs, which corresponds to the
middle cell in Fig.4.1.

x1ⅹ2… x6 x7 x8 x9
6

x10 x11 x12

3

3

3
3

3
3

1

sym12

Figure 4.1. sym12 implemented by 6-LUTs.

Table 5.1. Number of 6-LUTs realize functions.

N ame
alu4
amd
apex4
chkn
cordic
cps
ex1010
exep
in2
intb
misex3
misj
pdc
spla
ti
tial

M BC LU T M IN
SAS
P I P O LU T lev LU T lev LU T lev
14
8 341 5 248
5 208 8
14 24
86 3 109
4
93 4
9 19 536 4 187
3 164 4
29
7
74 5 117
10 118 11
23
2
9 3
22
6
22 6
24 109 347 5 720
9 556 6
10 10 498 5 194
3 210 4
30 63 155 3 202
5 203 8
20 10 102 4 140
6
98 6
15
7 319 5 174
6 274 9
14 14 303 5 161
5 154 6
35 14
17 2
19
2
16 3
16 40 243 5 327
6 160 5
16 46 282 5 301
6 222 5
48 72 274 4 649
8 497 8
14
8 332 5 208
5 289 8

5. The composition function has 9-6+3=6 variables.
Since the support size is equal to K=6, implement the
function by a 6-LUT, which corresponds to the rightmost cell in Fig.4.1.
6. In this way, sym12 is realized by 3 + 3 + 1 = 7 LUTs
of 6-inputs. Note that this realization is different from
Fig. 3.5.
(End of Example)

5

Experimental Results

Algorithm 4.1 was implemented in ABC [4] as command lutmin, applicable to logic networks in ABC.
The implementation was tested on 16 benchmarks from
Espresso/MCNC benchmark suites. The experiments were
run on the laptop with Intel Core 2 Duo U9400 1.4GHz
CPU with 4Gb RAM (only a few Mb of RAM was used).
The total runtime for 16 benchmarks was 8 sec. The resulting LUT networks were verified using SAT-based combinational equivalence checking command cec in ABC.

Table 5.1 shows the numbers of LUTs and logic levels
when K = 6. The columns headed with MBC show the
results of improved version of Mishchenko et al. [10]. The
columns headed with LUTMIN show the results obtained
by lutmin (Algorithm 4.1). When the number of inputs is
less than 16, Algorithm 4.1 often produced better solutions
than Mishchenko et al.[10]. The columns headed with SAS
shows the upper bounds obtained by using additional idea.
(It obtains only the number of LUTs to show the possibility
of further improvement. )
In Manohararajah et al. [8] and Mishchenko et al. [10],
numbers of 6-LUTs to implement some benchmark functions are shown. For example, ex1010, a 10-input 10-output
function. Example 2.3 shows that to implement any 10 variable function, 21 LUTs are sufficient. Thus, to implement
ex1010, which is a 10-output function, requires at most
21 × 10 = 210 LUTs. Note that 1519 LUTs are used in
[8] and 1059 LUTs are used in [10].
apex4 is a 9 input 19-output function. Example 2.3
shows that to implement any 9 variable function, 11 LUTs
is sufficient. Thus, apex4, which is 19-output function, requires at most 11 × 19 = 209 LUTs. Note that 738 LUTs
are used in [8] and 732 LUTs are used in [10]. These results show that the even the state-of-the-art logic synthesis
algorithms still have room for improvements, which is also
noted by Cong and Minkovich [5].
The reason why [10] failed to obtain the optimum solutions are as follows:
1. [10] uses AND inverter graphs as an initial solutions,
which can lead to local minimal solutions.
2. [10] uses heuristic method to design larger circuits,
and some optimization is omitted to save computation
time.
It should be noted that [10] is applicable to large circuits,
while Algorithm 4.1 is applicable to only small problems.

6. Conclusion and Comments
In this paper, we consider the number of 6-LUTs to implement logic functions. Also presented a synthesis method
with 6-LUTs. The method is MUX-based realizations and
cascade-based realizations. Although, this method produces circuits with more levels and is practical for the functions with at most 16 inputs, it often produces circuits with
fewer LUTs than existing methods [10, 8].
A possible extension is to optimize encodings of the rail
outputs [9]. By considering the encodings, we can often replace one or more outputs functions of LUTs by primary
input variables. In such a case, the number of LUTs can
be further reduced. Another extension is to extract decomposable component whose number of inputs is at most 6.

In this paper, to implement the multiple-output functions,
functions are decomposed into single-output ones. However, decomposition into groups of a few functions also produces very good circuits [12]. Yet another possible extension is to use such partitions of the outputs.
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